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Abstract
Wesolve thehomotopy limit problem for two-primary algebraicK-theoryofﬁelds, that is, theQuillen–Lichtenbaum
conjecture at the prime 2.
 2005 Elsevier Ltd. All rights reserved.
Keywords:Algebraic K-theory of ﬁelds; Étale and motivic cohomology; Homotopy ﬁxed points; Spectral sequences;
Quillen–Lichtenbaum conjecture
1. Introduction
Let k be a ﬁeld of characteristic different from 2 and let ks be a separable closure of k. The homotopy
limit problem we consider is whether the natural map between the mod 2 K-theory spectrumK/2(k) and
the homotopy ﬁxed points of K/2(ks) under the action of the absolute Galois group
K/2(k)→ K/2(ks)hGk
is a weak equivalence on some connected cover.A fundamental theorem of Suslin identiﬁesK/2(ks) and
the mod 2 K-groups of ks in terms of complex topological K-theory [42]. An equivalent statement to the
homotopy limit problem is the Quillen–Lichtenbaum conjecture that the algebraic to étale K-theory map
K/2(k)→ K e´t/2(k) (1)
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is a weak equivalence on some connected cover, see Section 2.1. This conjecture has been the focus
of much of the current research in algebraic K-theory. In [26] Levine used Voevodsky’s proof of the
Milnor conjecture [50] to prove the Quillen–Lichtenbaum conjecture at the prime 2 for ﬁelds with ﬁnite
cohomological dimension. Our main result solves this conjecture for all ﬁelds. Denote by 4 a primitive
fourth root of unity in ks and by vcd(k) the virtual 2-cohomological dimension of k, i.e. the greatest integer
p such that Hp
e´t(k(4), 2) is nonzero. Then the ﬁnal solution of the Quillen–Lichtenbaum conjecture at
the prime 2 is the following:
Theorem 1. Let k be a ﬁeld of characteristic different from 2. Then
K/2(k)→ K/2(ks)hGk
is a weak equivalence on (vcd(k)− 2)-connected covers.
The case of the prime 2 is different from odd primes: A proof of the Bloch–Kato conjecture would
extend the results for two-primary K-theory of ﬁelds of ﬁnite cohomological dimension to odd primes,
and solve the Quillen–Lichtenbaum conjecture for these cases. Work of Rost and Voevodsky on norm
varieties is expected to imply the Bloch–Kato conjecture [45,52].
To prove Theorem 1 we useAtiyah–Hirzebruch type spectral sequences whose target groups are given
by (1), see Section 2.2. Inﬁnite cohomological dimension and the lack of a multiplicative structure for
mod 2 homotopy make computations more difﬁcult and there are potential pitfalls. One aspect is that
the question of convergence becomes more complicated for the spectral sequence abutting to the étale
K-groups. To circumvent the lack of a multiplicative structure, we use Oka’s module action of Moore
spectra to obtain a pairing of spectral sequences [34]. An important input is to consider the effect of this
pairing with respect to the images of the ﬁrst Hopf class and anAdams periodicity element under the unit
map from the sphere spectrum. This allows us to replicate differentials in the spectral sequences, and to
identify inﬁnite cycles which are boundaries. In Theorem 3, the ‘brave new rings’ point of view above
leads to an explicit calculation of the Atiyah–Hirzebruch type spectral sequences for any real closed
ﬁeld. We note that the inclusion of the algebraic closure of the rational prime ﬁeld in any real closed
ﬁeld induces a weak equivalence in K-theory. If k is a formally real ﬁeld and vcd(k) is ﬁnite, we prove a
local–global principle for étale cohomology groups which enables us to determine almost all differentials
in the Atiyah–Hirzebruch type spectral sequences for k. This part is elementary and ﬁnishes the proof.
Our main theorem solves the Quillen–Lichtenbaum conjecture for schemes at the prime 2:
Theorem 2. Let X be a separated Noetherian regular scheme of ﬁnite Krull dimension. Assume all
residue ﬁelds of X have characteristic different from 2. Then there is a weak equivalence between Quillen
algebraic K-theory and Jardine étale K-theory of X
K/2(X)→ K e´t/2(X)
on sup{vcd(k(x))− 2}x∈X-connected covers, where k(x) is the residue ﬁeld of a point x ∈ X.
See [12,20,23,26,36,38–40,44,50,35] for special cases of the above theorem. For the reduction step to
ﬁelds we refer to [31,32]. This uses Gabber’s rigidity theorem for the algebraic K-theory of Henselian
rings [13], Jardine’s model structure for presheaves of spectra [17], and Nisnevich descent [33]. The
bound for the weak equivalence in the theorem has not been conjectured.
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In the last sections we consider applications: In Section 6 we prove a mod 2 coefﬁcient version of
Thomason’s theorem comparing Bott inverted algebraic K-theory with étale K-theory [48]. Theorem 5
shows that under mild assumptions the map from algebraic to étale K-theory becomes a weak equiv-
alence after inﬂicting Bousﬁeld localization with respect to complex topological K-theory. The Adams
periodicity element enters in the proof of this result. In Section 7 we compare étale K-theory with the
étale topological K-theory of Dwyer–Friedlander [8]. The two theories are shown to be weak equivalent
for schemes satisfying the conditions in Theorem 2. In Section 8 we consider arithmetic schemes and
use the above techniques to prove ﬁniteness of the corresponding localized K-groups with ﬁnite two-
primary coefﬁcients, see Theorem 6. By the universal coefﬁcient theorem and Theorem 2, it follows that
in sufﬁciently high degrees the subgroups of elements of two-primary exponent of the integral algebraic
K-groups of such schemes are also ﬁnite.
2. Preliminaries
2.1. The homotopy limit problem and Quillen–Lichtenbaum conjecture
Let S0 be the sphere spectrum. The mod n reduction of a spectrum is obtained by smashing with the
mod n Moore spectrum S0/n. For the mod n étale K-theory K e´t/n(X) of a scheme X we follow the
deﬁnition in [17]: With n relatively prime to all residue characteristics of X, one takes global sections of
any globally ﬁbrant model GK/n for the mod n K-theory presheaf of spectra on the étale site of X, and
applies the Bousﬁeld localizationLK with respect to the periodic complex topologicalK-theory spectrum
[6, Theorem 1.1]. Thus K e´t/n(X) isK-local and the homotopy groups of K e´t/2(X) are 8-periodic [6,
Theorem 4.8]. We refer to [31] for a discussion of homotopy ﬁxed points for proﬁnite groups.
To see that the Quillen–Lichtenbaum conjecture is equivalent to the homotopy limit problem, consider
the commutative diagram:
K/2(k) → K e´t/2(k)
↓ ↓
K/2(ks)hGk → K e´t/2(ks)hGk .
(2)
The map K/2(ks) → K e´t/2(ks) is a weak equivalence on (−2)-connected covers by Suslin’s proof of
the Quillen–Lichtenbaum conjecture for ks [42]. Since taking homotopy ﬁxed points underGk preserves
weak equivalences, the same holds for the lower horizontal map in (2). The construction of étaleK-theory
is rigged so that the right vertical map is a weak equivalence, see also Section 7.
2.2. Spectral sequences of Atiyah–Hirzebruch type
Beilinson conjectured in [3, Section 5.10] the existence of anAtiyah–Hirzebruch type spectral sequence
relating the motivic cohomology of a regular scheme X to its algebraic K-theory. This spectral sequence
has been constructed by Friedlander and Suslin [10, (13.6.1)] using a fundamental re-interpretation
of the Bloch–Lichtenbaum spectral sequence [4, (0.1.1)] if X is a smooth scheme over a ﬁeld, and
by Levine [27, (8.8)] if X is a regular scheme of ﬁnite type over a Noetherian regular base scheme
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of Krull dimension at most one. There is a ﬁnite coefﬁcient version
E
p,q
2 (X,Z/n)=Hp(X,Z/n(−q/2))⇒ K−p−q/n(X), (3)
see [10, (16.2.1)] and [27, (8.9)]. TheE2-terms are the mod nmotivic cohomology groups of X [10, (12)],
[27, (8.10)] and [51]. In particular, (3) is concentrated in the fourth quadrant. In [26, (12.13)], see also
the proof of Theorem 5, Levine constructed in terms of étale cohomology an analogous right-half plane
spectral sequence with ﬁltered target groups, the étale K-groups, with ﬁnite coefﬁcients
E
p,q
2 (X,Z/n)e´t =Hpe´t(X, ⊗(−q/2)n )⇒ K e´t−p−q/n(X). (4)
The spectral sequences (3) and (4) are the usual spectral sequences arising from a tower, reindexed
as cohomological spectral sequences. It turns out that the motivic spectral sequence (3) is strongly
convergent [10, Theorem 16.2]. In Proposition 1 we note a weaker convergence property for the étale
spectral sequence.
We recall the construction of (3) and (4) following [26], see also [10,4]: If X is of dimension d, the
spectral sequence (3) arises as the homotopy spectral sequence of a tower
· · · → K(q−1)/n(PX(−))→ K(q)/n(PX(−))→ · · · → K(d)/n(PX(−)). (5)
Here K(q)/n(PX(−)) is K(q)(PX(−)) smashed with the mod n Moore spectrum, and K(q)(PX(−)) is a
simplicial spectrum whose pth constituent spectrum is essentially the K-theory of X × p with support
in closed subsetsW of dimension p + q such that W ∩ (X × F) has dimension p + r for all faces
F = r of p. For the precise deﬁnitions we refer to [26, Section 1]. It is easy to see that there is
a weak equivalence between K/n(X) and K(d)/n(PX(−)). To identify the E2-terms one uses a weak
equivalence between the coﬁber of K(q−1)/n(PX(−)) → K(q)/n(PX(−)) and the complex (considered
as a generalized Eilenberg–MacLane spectrum) deﬁning the mod n motivic cohomology of X, see [27,
Proposition 8.9].
The étale K-theory spectral sequence (4) arises similarly by considering globally ﬁbrant replacements
in (5) for the étale site of X, i.e. from the tower
· · · → K e´t(q−1)/n(PX(−))→ K e´t(q)/n(PX(−))→ · · · → K e´t/n(X). (6)
Let X′ be the scheme obtained from X by base extension with respect to Z→ Z[4], and let vcd2(X)=
cde´t2 (X′) be the virtual étale 2-cohomological dimension of X. The group of order two C2 acts on X′ =
X×ZZ[4] over X. The following proposition is the convergence result we require for étale K-theory; we
refer to [5, Deﬁnition 5.10] for Boardman’s notion of conditionally convergent spectral sequences.
Proposition 1. Assume vcd2(X) is ﬁnite. Then the étale spectral sequence (4)
H
p
e´t(X, 
⊗(−q/2)
2 )⇒ K e´t−p−q/2(X)
is a conditionally convergent right-half plane spectral sequence for all 1.
Proof. By the Milnor lim1-exact sequence [48, Lemma 5.41] the proposition follows provided the ho-
motopy inverse limit of the tower (6) is contractible. That is,
holimK e´t(q)/n(PX(−)) ∼ ∗. (7)
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Since Bousﬁeld localization functors preserve homotopy inverse limits, in order to prove (7) it sufﬁces
to consider globally ﬁbrant models and to show
holimGK(q)/n(PX(−)) ∼ ∗. (8)
There is a naturally induced diagram of towers
· · · → Gk(q−1)/n(PX(−)) → GK(q)/n(PX(−)) → · · · → GK/n(X)
↓∼ ↓∼ ↓∼
· · · → Gk(q−1)/n(PX′(−))hC2 → GK(q)/n(PX′(−))hC2 → · · · → GK/n(X′)hC2,
where the weak equivalences result from Lemma 15. By [48, Lemma 5.8], to prove (8) it sufﬁces to show
holimGK(q)/n(PX′(−))hC2 ∼ ∗. (9)
The proof of (9) consists of noting the following weak equivalences:
holimGK(q)/n(PX′(−))hC2 ∼ holim holim
C2
GK(q)/n(PX′(−))
∼ holim
C2
holimGK(q)/n(PX′(−))
∼ ∗ .
Here the ﬁrst weak equivalence is by deﬁnition of C2-homotopy ﬁxed point spectra [47, Section 1, (5.2)],
and for the second see [48, Lemma 5.7]. The third follows since
holimGK(q)/n(PX′(−)) ∼ ∗
because of the assumption vcd2(X)<∞; this is implicit in [26]. 
Remark 1. Proposition 1 shows that the recital of convergence results in [5] applies to (4). In particular
[5, Theorem 7.1] implies: If the derived E∞-term of the mod 2 étale spectral sequence vanishes, then (4)
is strongly convergent. To study the mod 2 algebraic to étale K-theory mapK/2(X)→ K e´t/2(X)we are
now in a position to apply [5, Theorem 7.2]. Its point is that a conditionally convergent spectral sequence
determines the abutment even though it may fail to calculate it.
Finally we remark that an alternate way of showing Proposition 1 is to employ the homotopy ﬁxed
point spectral sequence [47, (1.2)]. This uses [35, Lemma 1].
Let  : Xe´t → XZar denote the change of topology map. There is a natural cycle map in the derived
category of complexes of sheaves in the Zariski topology
ZiX/n→  iR∗⊗in (10)
between the complex deﬁning the mod n motivic cohomology groups, and the truncations of the total
derived image of ⊗in under , see [26, (12.7)]. The cycle map (10) induces a map between the spectral
sequences (3) and (4). If n = 2 it follows from Voevodsky’s proof of the Milnor conjecture [50] that
(10) is an isomorphism; see [46, Theorem 7.4] in characteristic zero, and [14, Theorem 1.1] in positive
1164 A. Rosenschon, P.A. ]stvær / Topology 44 (2005) 1159–1179
characteristic. Since the complex ZiX/n is acyclic in degrees > i, the local–global spectral sequences
[25, Chapter II, Section 3.4.4] computing the E2-terms of (3) and (4) imply natural isomorphisms
Hp(X,Z/2(−q/2))=
{
H
p
e´t(X, 
⊗(−q/2)
2 ), p − q/2,
0, p >− q/2+ d. (11)
Because of (11) we refer to the bidegrees (p, q) in the étale spectral sequence (4) with p − q/2 as the
stable area.
2.3. Pairings
At odd primes the spectral sequences (3) and (4) from Section 2.2 have a multiplicative structure;
however, at the prime 2 such a structure is not available in general. Instead, we consider a pairing of
spectral sequences induced by a regular S0/4-pre-multiplication on the mod 2 Moore spectrum. More
precisely, we use Oka’s module action of the mod 4 by the mod 2 Moore spectrum [34, Section 6]
m : S0/4 ∧ S0/2 → S0/2. (12)
Proposition 2. There is a pairing of spectral sequences
 : Ep,qr (X,Z/4)e´t ⊗ Ep
′,q ′
r (X,Z/2)e´t → Ep+p
′,q+q ′
r (X,Z/2)e´t
which on the E2-page coincides with the cup-product map in étale cohomology. On the E∞-pages the
pairings are compatible with the action induced by (12)
K e´ts /4(X)⊗K e´tt /2(X)→ K e´ts+t /2(X).
Let dr,n denote the dr -differential in the mod n spectral sequence, n= 2, 4. Then the differentials satisfy
the Leibniz rule with respect to the pairing 
dr,2((x ⊗ y))= (dr,4(x)⊗ y)+ (x ⊗ dr,2(y)). (13)
Proof. We refer to [10, Sections 14, 15, 16] and [26, Section 8] for details. To obtain the result we may
use the multiplicative structures of the integral spectral sequences and apply Oka’s pairing (12). The proof
proceeds formally the same as for the homotopy spectral sequences considered in [8, Proposition 5.4].

We use the following conventions: In a spectral sequence, an inﬁnite cycle is a class for which every
differential vanishes. A permanent cycle is an inﬁnite cycle which is not a boundary, i.e. a class that
represents a non-zero class on the E∞-page.
Proposition 3. There exists a permanent cycle v41 in E
0,−8
2 (X,Z/4)e´t such that
v41 : Ep,qr (X,Z/2)e´t → Ep,q−8r (X,Z/2)e´t
is an isomorphism for all p and q, and all r2.
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Proof. Denote by ˜16 ∈ 8/16(S0) a class of order 16 that generates the 2-primary part of 7(S0)=Z/240
under the Bockstein map. To deﬁne the class v14 consider the commutative diagram induced by edge maps
in (4) and unit maps from the sphere spectrum for an algebraic closure of the rational numbers:
8/16(S0) → H 0e´t(Z[1/2], ⊗416 )↓ ↓
K e´t8 /16(Q¯)
→ H 0
e´t(Q¯, 
⊗4
16 ).
(14)
The right vertical map is an isomorphism since the exponent of (Z/16)× is 4. LetK denote the periodic
complex topological K-theory spectrum. By [42,43] there are isomorphisms
K e´t8 /16(Q¯)→ K e´t8 /16(C)→ 8/16(K). (15)
Under the unit map and (15) ˜16 maps to a generator of 8/16(K) [37]. It follows that the image of
˜16 under the upper horizontal map in (14) is a permanent cycle. Its mod 4 reduction is the generator
representing the permanent cycle v41 in E
0,−8
2 (Z[1/2],Z/4)e´t . The Leray spectral sequence of X →
Spec(Z[1/2]) shows that this class also deﬁnes a permanent cycle in E0,−8∞ (X,Z/4)e´t . Note that the
cup-product map with v14 is an isomorphism on the mod 2 étale cohomology ring of X. Hence the claim
follows from Proposition 2. 
Remark 2. Let A : S8/2 → S0/2 be one of Adams K∗-equivalences [1, Section 12]. The degree 8
induced action on the homotopy groups of K/2(X) is called the Adams v41-action; it is not the fourth
power of an action by some element. One choice of A is the composition
S8/2= S8 ∧ S0/2 ˜16∧1→ S0/16 ∧ S0/2 ∧1→ S0/4 ∧ S0/2 m→ S0/2.
Here ˜16 is the class used in the proof of Proposition 3,  is the canonical coefﬁcient reduction map
between the mod 16 and mod 4 Moore spectra, and m is Oka’s module action (12). This explains the
notation in Proposition 3.
We point out some consequences of the above.
Corollary 4. Let k be a ﬁeld of characteristic different from 2, and let i be an integer. In the étale K-theory
spectral sequence (4), the differential
d
p,q
r (k,Z/2)e´t : Ep,qr (k,Z/2)e´t → Ep+r,q−r+1r (k,Z/2)e´t
is trivial if
(a) r2, and p =−q/2+ 8i, or p =−q/2+ 8i − 1.
(b) r4, and p =−q/2+ 8i − 2.
(c) r6, and p =−q/2+ 8i − 3.
In particular, we have Ep,q∞ (k,Z/2)e´t = Ep,q6 (k,Z/2)e´t for all p, q.
Proof. In the motivic K-theory spectral sequence (3), the above differentials vanish by pairing with v41
as in Proposition 3 and (11). We conclude for the étale spectral sequence (4) by comparing differentials
in the stable area p − q/2. 
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As noted by Thomason [49, Section 8], one can improve Corollary 4 in special cases:
Corollary 5. If k contains a primitive fourth root of unity, all differentials inmod 2 étale spectral sequence
(4) are trivial.
Proof. By [20, Theorem 1a] all mod 4 differentials in (3) are trivial. Using the multiplicative structure
of the mod 4 étale spectral sequence (4), cp. Proposition 2, and the identiﬁcation in (11), it follows from
cupping with v41 that every mod 4 étale differential is trivial. To ﬁnish the proof, we use the pairing 
of Proposition 2 and the facts that by Voevodsky’s proof of the Milnor conjecture [50] the mod 2 étale
cohomology ring of k is generated by elements of degree 1, and that by the proof of Proposition 3 the
generator of E0,−82 (k,Z/2)e´t is a permanent cycle. 
Let 	 ∈ 1(S0) be the ﬁrst Hopf class. We also denote by 	 the image of this class under a unit map.
The next proposition allows us to identify classes in the mod 2 étale spectral sequence (4) which support
nontrivial differentials.
Proposition 6. If y ∈ Ep,q2 (X,Z/2) is an inﬁnite cycle, then (	3 ⊗ y) is an inﬁnite cycle which is not
permanent.
Proof. By deﬁnition of 	 and a Leray spectral sequence argument, we may assume X = Spec(Z). To
show that (	3 ⊗ y) is an inﬁnite cycle note that according to the Leibniz rule (13) it sufﬁces to show 	
is an inﬁnite cycle. This follows since K1(Z) = Z× is generated by 	. To prove that (	3 ⊗ y) is not a
permanent cycle, consider the generator 
 of K3(Z)(2) = Z/16 [24]. For the Hopf class we have 	3 = 8
,
so the mod 4 reduction of this element is zero and the inﬁnite cycle in question represents the trivial
element in the target group. 
Remark 3. Proposition 6 and the restriction–corestriction sequence (17) imply that (3) degenerates for
ﬁelds of ﬁnite virtual 2-cohomological dimension. In the proof of Theorem 1 we make this precise.
Remark 4. The type of argument used in the proof of Proposition 6 can be used to detect nontrivial
differentials in the integral motivic spectral sequence
E
p,q
2 (X,Z)=Hp(X,Z(−q/2))⇒ K−p−q(X). (16)
In this case one uses that the fourth power of the ﬁrst Hopf class is trivial in the stable homotopy groups
of spheres to conclude: If y ∈ Ep,q2 (X,Z) is an inﬁnite cycle, then in the multiplicative structure on (16),
the inﬁnite cycle 	4 ⊗ y is not permanent.
2.4. Reduction steps
Let k be a ﬁeld and 4 a primitive fourth root of unity contained in ks. We claim the homotopy limit
problem for K/2(k) reduces to formally real ﬁelds:
(a) If cde´t2 (k) is ﬁnite, it follows immediately from (3), (4) and (11) that the map in (1) is a weak
equivalence on (cde´t2 (k)− 2)-connected covers, see [26, Corollary 13.5]. In this case, the absolute Galois
group of k is torsion-free, so cde´t2 (k)= vcd(k). We note that (1) is injective on homotopy in each degree.
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(b) If cde´t2 (k)=∞, assume ﬁrst that k contains 4. By (11) and Corollary 5, the spectral sequences (3)
and (4) degenerate at their respective E2-pages. The above strong convergence of (3) and [6, Theorem
4.8] imply that (1) cannot be a weak equivalence on some connected cover.
(c) If cde´t2 (k) =∞ and 4 /∈ k we may assume vcd(k) =∞. By a standard argument, one considers
ﬁelds which are ﬁnitely generated over its prime ﬁeld. Note that ﬁelds of this type have ﬁnite virtual
2-cohomological dimension. The computations in Section 5 show that, as in case (b), the periodicity in
the strongly convergent spectral sequence (3) required for (1) to be a weak equivalence on some connected
cover is irretrievably lost in this case.
Hence it remains to consider k such that the number cde´t2 (k) is inﬁnite, k(4)/k is a nontrivial Galois
extension, and the virtual 2-cohomological dimension vcd(k) is ﬁnite. By [29, Theorem 1.4] and the
restriction–corestriction sequence (17), it follows that k is a formally real ﬁeld.
3. K-theory of real closed ﬁelds
As an example, we use the pairing  and the permanent cycles v14 and 	 to identify the K-theory with
mod 2 coefﬁcients of real closed ﬁelds:
Theorem 3. Let R be a real closed ﬁeld. Then the map
K/2(R)→ K e´t/2(R)
is a weak equivalence on (−4)-connected covers. In the motivic spectral sequence
E
p,q∞ (R,Z/2)= Ep,q4 (R,Z/2).
The E∞-page is given by v41-periodicity and the following table:
0 1 2 p3
Z/2(1) 0 0 0
Z/2() Z/2(	) 0 0
0 Z/2(	) Z/2(	2) 0
0 0 Z/2(	2) 0
Proof. Let Hr,s(R,Z/2) := Hr(R,Z/2(s)). We note that GR has order 2 and the cohomology ring
H ∗
e´t(R, 2) is generated by 	, i.e. the class of −1 in H 1,1(R,Z/2) = R×/(R×)2. Let  ∈ H 0,1M (R,Z/2)
be the element corresponding to −1 in 2(R). Then H ∗,∗M (R,Z/2) = H ∗e´t(R, 2) ⊗ F2[] as bigraded
F2-algebras.
Consider the mod 2 motivic spectral sequence (3) for R. By the vanishing in (11) any d3-differential
from bidegree (p,−2p) or (p,−2p− 2) is trivial. Pairing with the permanent cycle v41 from Proposition
3 shows that every d3-differential from (p,−2p − 8k) or (p,−2(p + 1)− 8k) for k0 is trivial.
We claim that all the other d3-differentials are isomorphisms. Note ﬁrst that the generator in bidegree
(0, 0) is a permanent cycle. By Lemma 6 the generator in bidegree (3,−6) is an inﬁnite cycle which is
not permanent. For bidegree reasons it follows that d0,−43 is surjective. Pairing with 	 and v41 shows that
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d
p,q
3 is bijective for all q =−2(p + 2)− 8k and k0. A similar argument using Lemma 6 and  shows
that dp,q3 is bijective for all q = −2(p + 3) − 8k and k0. Eight-periodicity and the table follow by
Proposition 3 and inspection.
To compute the mod 2 étale spectral sequence for R note that by (11) the étale differentials in the stable
area coincide with the motivic differentials. Since pairing with v41 allows us to identify differentials in
the unstable area with differentials in the stable area, the motivic computations above show that the mod
2 étale d3-differentials starting in bidegree (pmod 4, qmod 8) are given by the following table:
0 1 2 3
0 0   0
6 0 0  
4  0 0 
2   0 0
Given the d3-differentials, a comparison of theE4=E∞-pages of the mod 2 motivic and étale spectral
sequences shows that
E
p,q∞ (R,Z/2)→ Ep,q∞ (R,Z/2)e´t
is an isomorphism for all p and all q0. The above computation shows that the conditionally convergent
étale spectral sequence for R is strongly convergent. This ﬁnishes the proof of the theorem. 
Remark 5. (i) For R = R, the differentials in the motivic spectral sequence have been computed by
Rognes and Weibel [38, Theorem 5.3] using different techniques.
(ii) For R = R and with mod 4 coefﬁcients, the above properties of the motivic spectral sequence
(at this point assuming the existence of the spectral sequence and a multiplicative structure) have been
established by Kahn in [19, Appendix].
(iii) For R = R and with 2-primary coefﬁcients, see also [35, Theorem 7].
In what follows we consider the ﬁeld of rational numbers with its unique ordering. By the proof of
Theorem 3 we have:
Corollary 7. Let R be a real closed ﬁeld, and Q r an algebraic closure of the rational prime ﬁeld in R.
Then there are naturally induced weak equivalences
K/2(Q r) ∼→K/2(R) ∼→K/2(R(4))hC2 .
Remark 6. We may identify Q r with the real algebraic numbers. Corollary 7 shows that there is a
nontrivial additive extension in total degrees 8n + 2 in the mod 2 étale spectral sequence for R. It also
identiﬁes the Bousﬁeld–Kan completion of K(R) at the prime 2 with the 2-completed connected real
topological K-theory spectrum, cf. Suslin’s theorem for the algebraic K-theory of the real numbers [43].
As an application of Theorem 3 we record some results about group homology and theFriedlander–
Milnor conjecture.
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GivenCorollary 7, the proofs represent no additional difﬁculties to the special cases in [21,22]. To prove
Corollary 10 we use homological stability, cf. [22]. Let O and Sp denote the orthogonal and symplectic
groups, respectively.
Corollary 8. There are naturally induced homology isomorphisms
(a) H∗(O(Q r),Z/2)→ H∗(O(R),Z/2),
(b) H∗(Sp(Q r),Z/2)→ H∗(Sp(R),Z/2).
Corollary 9. The canonical maps O(R) → O(R)Top and Sp(R) → Sp(R)Top induce homology iso-
morphisms
(a) Hi(BO(R),Z/2)→ Hi(BO(R)Top,Z/2),
(b) Hi(BSp(R),Z/2)→ Hi(BSp(R)Top,Z/2).
Corollary 10. There are naturally induced homology isomorphisms
(a) Hi(BO2n(R),Z/2)→ Hi(BO2n(R)Top,Z/2) if n3i,
(b) Hi(BSp2n(R),Z/2)→ Hi(Sp2n(R)Top,Z/2) if n3i + 3.
4. Local–global principle
Let k be a formally real ﬁeld, and let K = k(4). For any discrete Gk-module M, let M ′ =M ⊗ Z′,
where Z′ is theGk-module Z on whichGk acts with kernelGK by multiplication with −1. Consider the
exact restriction–corestriction sequence:
· · · → Hp−1
e´t (k,M)
	→Hp
e´t(k,M)
res→Hp
e´t(K,M
′) cor→ Hp
e´t(k,M)→ · · · . (17)
Let Sper(k) be the real spectrum of k, i.e. the topological space of all orderings  of k with the Harrison
topology.A sub-basis for this topology consists of the open setsHk(a)={ ∈ Sper(k) | a > 0at}, a ∈ k×.
An arbitrary open set in Sper(k) is thus a union of sets of the formHk(a1)∩ · · ·∩Hk(ar), where ai ∈ k×.
The real spectrum of k is naturally homeomorphic to the quotient space of the space of elements of Gk
of order two modulo conjugation. If  ∈ Sper(k), let k denote the real closure of k at  and write G
for the corresponding absolute Galois group which is deﬁned up to conjugation in Gk . If M is a discrete
Gk-module, there is the restriction map
res : Hp
e´t(k,M)→
∏

H
p
e´t(k,M), (18)
which we invoke to prove a local–global principle.
Let
∏′
H
p
e´t(k,M) be the subgroup of
∏
H
p
e´t(k,M) which consists of locally constant functions, i.e.
the elements x = (x) ∈ ∏Hp(k,M) with the following property: There exists a partition of Sper(k)
into open subsets Ui and ﬁnitely generated submodulesMi ⊆ M together with elements xi ∈ H(k,Mi)
such that for  ∈ Ui there exists a choice ofG’s in its conjugacy class with the property that their actions
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onMi coincide and x = xi for all  ∈ Ui . For example, if each G acts trivially on M, then
∏

′
Hp(k,M)= C(Sper(k), Hpe´t(k,M)) (19)
is the group of continuous maps Sper(k)→ Hp
e´t(k,M).
The map (18) has image in∏′Hpe´t(k,M): If x ∈ Hqe´t(k,M), then there exists a ﬁnite quotient G¯k of
Gk and a ﬁnitely generated submodule M¯ of M such that H = ker{Gk → G¯k} acts trivially on M¯ , and
x is in the image of Hp
e´t(G¯k, M¯). Let L be the ﬁxed ﬁeld of H, and let ki be the conjugacy classes of real
closures of k in L. The set of real closures of k whose intersection with L is in ki forms an open cover of
Sper(k) and xi := reski/k(x) ∈ Hpe´t(Gal(L/ki),M) has the required property.
Let 	 be the image of the nontrivial element of H 1
e´t(Gal(K/k),Z
′) in H 1
e´t(k,Z
′). For all i there is a
commutative diagram
HP
e´t (k,M ⊗ (Z′)⊗i)
res→ ∏

′
Hp(k,M ⊗ (Z′)⊗i)
	 ↓ ↓ 	
HP+1
e´t (k,M ⊗ (Z′)⊗(i+1))
res→ ∏

′
Hp+1(k,M ⊗ (Z′)⊗(i+1))
(20)
whose vertical maps deﬁne directed systems. Deﬁne
Hˆ
p
e´t(k,M) := limi {H
p+i
e´t (k,M ⊗ (Z′)⊗i)},
Hˆ
p
e´t(k,M) := limi {H
p+i
e´t (k,M ⊗ (Z′)⊗i)}.
Consider now the limit of the restriction maps, that is, the map
res : Hˆ p
e´t(k,M)→
∏

′
Hˆ
p
e´t(k,M). (21)
Theorem 4. Let k be a formally real ﬁeld and M a discreteGk-module. Then (21) is an isomorphism. In
particular, the restriction map
res : Hp
e´t(k,M)→
∏

′
H
p
e´t(k,M) (22)
is surjective for p = vcd(k), and an isomorphism for p> vcd(k).
Proof. By a standard reduction it sufﬁces to considerM = 2. ThenG acts trivially onM, and we need
to show
res : Hˆ p
e´t(k, 2)→
∏

′
Z/2= C(Sper(k),Z/2) (23)
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is an isomorphism, cp. (19). By [2, Proposition 2.4] the map (23) is surjective. To show injectivity, let
x ∈ Hˆ p
e´t(k, 2) be a nonzero element, i.e. x∪	s = 0 for all s. Let k¯ be an algebraic closure of k. By Zorn’s
lemma, there exists an intermediate ﬁeld k ⊆ L ⊆ k¯ which is maximal with respect to the property that
resL/k(x) ∪ 	s = 0 for all s. We show L is a real closure of k:
If L ⊂ L1 is an extension of ﬁelds of odd degree, then resL1/L is injective. This contradicts the choice
of L, thus L has no extension ﬁelds of odd degree.
Let x′ := resL/k(x), and let y ∈ L. If y /∈L2, consider L2 := L(√y). By maximality of L, there exists
a positive integer n such that resL2/L(x′)∪	n=0. This implies that there is a z such that x′ ∪	n= z∪ (y).
Similarly, if −y /∈L2, there exist n′ and z′ such that x′ ∪ 	n′ = z′ ∪ (−y). Hence we may assume
x′ ∪ 	m = z ∪ (y) and x′ ∪ 	m = z′ ∪ (−y) for some m. If y /∈L2 and −y /∈L2,
resL/k(x) ∪ 	m+1 = x′ ∪ 	m+1 = z ∪ (y) ∪ 	= z ∪ (y) ∪ (y)
= x′ ∪ 	m ∪ (y)= z′ ∪ (−y) ∪ (y)= 0,
which contradicts the choice of L. Therefore, either y or−y is a square in L. Since L has no extensions of
odd degree, we are done once we show if xi ∈ L×, i = 1, . . . , s, then∑si=1x2i = 0. But the assumption∑s
i=1x2i = 0 implies 	s = (−x1)2 ∪ · · · ∪ (−xs)2 = 0 which is a contradiction since 	s = 0 for all s.
Therefore, L is a real closure of k such that resL/k(x) = 0.
For the second statement of the theorem note that by (17) the left vertical map in (20) is an isomorphism
for p> vcd(k) and surjective for p = vcd(k). Since the right vertical map in (20) is an isomorphism for
all p, the limits in (21) are identiﬁed with the groups in (22). This ﬁnishes the proof. 
Remark 7. The map (18) has been studied in a more general setting by Scheiderer; see, for example,
[41, Chapter 7].
5. Proof of the main theorem
To ﬁnish the proof of Theorem 1 we may assume k is a formally real ﬁeld with ﬁnite virtual étale
2-cohomological dimension v := vcd(k), see Section 2.4. By (11), the local–global principle of Theorem
4 holds for the motivic cohomology groups. Hence, by naturality, we can compare the mod 2 motivic
spectral sequences of k and the corresponding real closed ﬁelds of k. Using this, Theorem 3 allows us
to compute almost all of the differentials in (3) and (4), and to conclude the proof of the main theorem.
Finally, we identify the cokernel of the algebraic to étale K-theory map (1) in low degrees.
Proposition 11. In the mod 2 motivic spectral sequence (3) of k we have
(a) dv+i,−2v−2i−43 is surjective if i = 0, and bijective if i1.
(b) dv+i+3,−2v−2i−63 is trivial if i1.
(c) dv+i,−2v−2i−63 is surjective if i = 0, and bijective if i1.
(d) dv+i+3,−2v−2i−83 is trivial if i1.
Proof. Consider (a). If i = 0, the classes in bidegree (v,−2v) are inﬁnite cycles for bidegree reasons.
By (17) cupping with 	3 from (v,−2v) to (v + 3,−2v − 6) is surjective. By Proposition 6, inﬁnite
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cycles in the latter bidegree are not permanent. We claim the d3-differential from bidegree (v,−2v − 4)
is surjective. Consider the commutative diagram induced by the orderings of k:
Hv(k,Z/2(v + 2)) res→ ∏

′
Hv(k,Z/2(v + 2))
d
v,−2v−4
3 ↓ ↓
∏′
d
v,−2v−4
3
Hv+3(k,Z/2(v + 3)) res→ ∏

′
Hv+3(k,Z/2(v + 3)).
Here the right vertical map is surjective by the proof of Theorem 3. By (11) and Theorem 4, the upper
horizontal map is surjective and the lower horizontal map is an isomorphism. This shows that dv,−2v−43
is surjective.
If i = 1, one can argue similarly, or use the cup-product with the class 	 of Proposition 6: There is a
commutative diagram
Hv(k,Z/2(v + 2)) 	→ Hv+1(k,Z/2(v + 3))
d
v,−2v−4
3 ↓ ↓ dv+1,−2v−63
Hv+3(k,Z/2(v + 3)) 	→ Hv+4(k,Z/2(v + 4))
where by (17) the lower horizontal map is an isomorphism. It follows from the case i=0 that dv+1,−2v−63
is surjective, hence bijective according to (17). This proves the ﬁrst claim in (b); all other cases in (a) and
(b) follow similarly. A verbatim copy of the arguments above gives (c) and (d). 
Corollary 12. Let i0. The following differentials are trivial:
(a) dv+i−2,−2v−2i−43 .
(b) dv+i−2,−2v−2i−63 .
Proof. Use the isomorphisms in Proposition 11(a) and (c). 
Corollary 13. The motivic group Ep,q4 (k,Z/2) is trivial if
(a) p = v + 1 and q =−2v − 8i − 6 or q =−2v − 8i − 8 and i0.
(b) p = v + 2 and q =−2v − 8i − 8 or q =−2v − 8i − 10 and i0.
(c) pv + 3.
Proof. By Proposition 11(a) we have Ev+1,−2v−64 (k,Z/2) = 0. Pairing with the permanent cycle v41 of
Proposition 3 shows Ev+1,−2v−8i−64 (k,Z/2)= 0 for all i0. The remaining claims in (a) and (b) follow
similarly.
For (c), consider ﬁrst the column p= v+ 3. If q=−2v− 6 or q=−2v− 8, the entering differential is
surjective by Proposition 11. In the next rows q =−2v − 10 and q =−2v − 12 the exiting differentials
are isomorphisms. Using these four cases, pairing with v41 proves the claim. If pv + 4, it follows by
Proposition 11 and pairing with v41 that for all bidegrees (p, q)with p−q/2 the entering d3-differential
is trivial and the exiting d3-differentials is an isomorphism, or vice versa. This ends the proof. 
Corollary 14. The étale group Ep,q4 (k,Z/2)e´t is trivial if pv + 3.
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Proof. Identify motivic and étale cohomology using (11), apply the pairing  with v41 of Proposition 3,
and use Corollary 13(c). 
We are ready to ﬁnish the proof of Theorem 1.
Proof (ofTheorem 1). If k is a formally real ﬁeld and vcd(k) is ﬁnite, themod 2motivic and étale spectral
sequences collapse by Corollaries 13 and 14. This shows in particular that both spectral sequences are
strongly convergent. From this and the comparison of the E2-terms of these spectral sequences in (11),
it follows that K/2(k)→ K/2(ks)hGk is a weak equivalence on (v)-connected covers.
Consider total degree v. By the vanishing ofmotivic cohomology (11) we haveEv+2,−2v−24 (k,Z/2)=0
and there is a commutative diagram:
E
v+2,−2v−2
3 (k,Z/2)e´t
d
v+2,−2v−2
3 −→ Ev+5,−2v−43 (k,Z/2)e´t
v41 ↓  ↓ v41
E
v+2,−2v−10
3 (k,Z/2)e´t
d
v+2,−2v−10
3 −→ Ev+5,−2v−123 (k,Z/2)e´t.
(24)
Since the differential dv+2,−2v−103 belongs to the stable area we may identify it with the corresponding
mod 2 motivic differential; by Proposition 11(c) this is an isomorphism. HenceEv+2,−2v−24 (k,Z/2)e´t=0
and
Kv/2(k)→ Kv/2(ks)hGk
is an isomorphism. A similar argument shows Ev+2,−2v4 (k,Z/2)e´t = 0. Here we use that the motivic
differential dv+2,−2v−83 is an isomorphism, see Proposition 11(a).
In total degree v−1 it sufﬁces to consider bidegree (v+1,−2v). The groupEv+1,−2v4 (k,Z/2) is trivial
by (11). To showEv+1,−2v4 (k,Z/2)e´t=0, one uses the same type of argument as in bidegree (v+2,−2v).
This concludes the proof. 
Remark 8. We consider the obstruction for the algebraic to étale K-theory map to be an isomorphism
in low degrees. In total degree v − 2, the group Ev+2,−2v4 (k,Z/2)e´t is trivial by a diagram analogous
to (24). A differential entering bidegree (v,−2v + 2) in the mod 2 étale spectral sequence is trivial by
comparison with the motivic spectral sequence. Hence
Ev,−2v+2∞ (k,Z/2)e´t = Ev,−2v+24 (k,Z/2)e´t
= ker{dv,−2v+23 : Hve´t(k, ⊗(v−1)2 )→ Hv+3e´t (k, ⊗v2 )}.
Note that the étale d3-differential from bidegree (v,−2v + 2) is surjective.
In total degree v − 3 we obtain in a similar way
Ev−1,−2v+4∞ (k,Z/2)e´t = Ev−1,−2v+44 (k,Z/2)e´t
= ker{dv−1,−2v+43 : Hv−1e´t (k, ⊗(v−2)2 )→ Hv+2e´t (k, ⊗(v−1)2 )}.
These E∞-terms are often non-zero.
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6. Thomason’s étale descent theorem
In [48] Thomason proved that for sufﬁciently nice schemes mod n Bott periodic algebraic K-theory
is isomorphic to mod n étale K-theory. For a different proof of this result for regular schemes of ﬁnite
type, see [26, Corollary 13.1]. When dealing with mod n Bott periodic algebraic K-theory one normally
assumes that n is either odd, divisible by 4, or that the ring of functions contains a square root of −1.
We prove a version of Thomason’s theorem for mod n= 2 coefﬁcients:
Theorem5. Let X be a separatedNoetherian regular scheme of ﬁnite Krull dimension.Assume all residue
ﬁelds of X have ﬁnite virtual 2-cohomological dimension and characteristic different from 2. Let LK be
the Bousﬁeld localization with respect to complex topological K-theory. Then there is a weak equivalence
LKK/2(X)
∼→ K e´t/2(X).
Proof. We give two proofs:
By [31, Section 4.4] it sufﬁces to prove the result for every residue ﬁeld k of X. Apply the functor LK
to the mod 2 towers (5) and (6). This does not change (4) since LK is an idempotent functor and the
étale K-theory of k isK-local by deﬁnition, see Section 2.1. But under Bousﬁeld localization, the mod
2 algebraic K-theory spectral sequence (3) becomes
E
p,q
2 (k,Z/2)[(v41)−1] ⇒ −p−qLKK/2(k). (25)
This is implicit in [26, Corollary 13.1]. Up to a change of bidegrees caused by the Adams periodicity
element, the details are set forth in [11, Theorem 1.3]. The proof of Proposition 1 shows that (25) is a right
half-plane conditionally convergent spectral sequence with entering differentials. Voevodsky’s proof of
the Milnor conjecture implies that the map between the E2-terms of (25) and the mod 2 étale spectral
sequence (4)
H
p
M(k,Z/2(−q/2))[(v41)−1] → Hpe´t(k,Z/2(−q/2))
is an isomorphism [26, Corollary 12.6], and the claim follows from Corollary 14.
This can also be seen as follows: Since LK is smashing [6, Corollary 4.7], the map K/2(X) →
LKK/2(X) induces the localization
K∗/2(X)→ K∗/2(X)[(v41)−1] = ∗LKK/2(X).
By [6, Theorem 4.8], a spectrum isK-local if and only if v41 acts isomorphically on its homotopy groups.
By our assumptions sup{vcd(k(x))− 2}x∈X is ﬁnite; hence the result follows from Theorem 2. 
Remark 9. Note that for schemes as in the above theorem, the homotopy ﬁber ofK/2(X)→ K e´t/2(X)
isK-acyclic. By a result of Bousﬁeld [6, Corollary 4.10] the ﬁber is determined by the coﬁbers of the
Adams’ map A, cp. Remark 2. We refer to [30, Sections 11, 12] and [31] for a thorough discussion of
Theorems 2 and 5 from a stable homotopy-theoretic point of view.
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7. Comparison of étale K-theories
Fix a separated Noetherian regular scheme X of ﬁnite Krull dimension and assume all its residue
characteristics are different from 2. LetX′ be the scheme obtained from X by base change along the map
Z→ Z[4]. Suppose all residue ﬁelds of X′ have uniformly bounded étale 2-cohomological dimension.
For the sake of completeness, we show that there is a weak equivalence between the mod 2 Jardine
étale K-theory spectrum of X and theK-local mod 2 étale topological K-theory spectrum KTop/2(X) of
Dwyer–Friedlander [8, Deﬁnition 4.3].
A result of Mitchell [32, Proposition 6.1] allows us to use the hypercohomology spectrum
He´t(−;LKK/2) of Thomason [48, Deﬁnition 1.33] as a globally ﬁbrant model for LKK/2 on the
étale site of X. With this choice there is the commutative diagram:
LKK/2(X)
∼→ He´t(X;LKK/2)
↓ ↓
LKK/2(X′)hC2
∼→ He´t(X;LKK/2)hC2 .
(26)
The weak equivalences in (26) follow from Theorem 2, see Section 6. As a special case of the following
lemma due to Jardine, the right vertical map in (26) is a weak equivalence. This lemma results from [16,
Lemma 3.1] and a comparison of the ˇCech resolution with the Borel construction. For ﬁelds, this is also
a consequence of [18, Proposition 6.39]. We omit the proof.
Lemma 15. Let F be a globally ﬁbrant presheaf of spectra on the étale site of X and Y → X a ﬁnite
Galois covering with group . Then there is a naturally induced weak equivalence F(X) ∼→F(Y )h.
If we apply LK to the map of Dwyer–Friedlander [8, Proposition 4.4] for X and compare with X′, we
obtain the commutative diagram:
LKK/2(X) → KTop/2(X)
∼ ↓ ↓∼
He´t(X
′;LKK/2)hC2 ∼→ He´t(X′;KTop/2)hC2 .
(27)
By combining [8, Proposition 7.1] and [9, Theorem 9] we get that the right vertical map in (27) is a
weak equivalence. It follows from [48, Theorem 4.11, A.14] that the lower horizontal map is a weak
equivalence. The left vertical map is a weak equivalence by (26) and Lemma 15. In conclusion, Theorem
2 implies the following:
Corollary 16. Let X be as above. Then the natural map [8, Proposition 4.4]
K/2(X)→ KTop/2(X)
is a weak equivalence on sup{vcd(k(x))− 2}x∈X-connected covers.
8. Finiteness of K-groups with two-primary coefﬁcients
Let X be a regular scheme of ﬁnite type over a Noetherian regular base scheme of dimension at most
one. Set d = dim X, where we use the deﬁnition given by Levine in [27, Section 0.8]; in particular, d is
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greater or equal to the Krull dimension of X. Let X′ be the scheme obtained from X by base extension
with respect to Z→ Z[4], and let v := vcd2(X)= cde´t2 (X′). As above, let 	 denote the square class of
−1 in H 1M(X,Z/2(1))= O×X/(O×X)2.
Lemma 17. The cup-product map
	 : HpM(X,Z/2(q))→ Hp+1M (X,Z/2(q + 1)) (28)
is an isomorphism for p>d + v.
Proof. The map (28) is induced from the corresponding map of Zariski sheaves
	 :HbM(Z/2(q))→Hb+1M (Z/2(q + 1)), (29)
and the local–global spectral sequence [25, Chapter II, (3.4.4.2)]
E˜
a,b
2 =Ha(X,HbM(Z/2(q)))⇒ Ha+bM (X,Z/2(q)). (30)
Since X is Noetherian, a theorem of Grothendieck [15, Chapter III, Theorem 3.6.5] shows that E˜a,b2 = 0
for a >d. Assume p>d + v. Then the terms in (30) contributing to total degree p are in bidegrees
(0, p), (1, p − 1), . . . , (d, p − d), where p − d >v. Hence it sufﬁces to show that for b>v the sheaf
map (29) is an isomorphism. Identifying motivic and étale sheaves, we show the map
	 :Hbe´t(Z/2)→Hb+1e´t (Z/2) (31)
is an isomorphism for b>v. Since (31) is induced by the exact sequence
· · · → Hbe´t(U,Z/2)
res→Hbe´t(U ′,Z/2)
cor→ Hbe´t(U,Z/2)
	→Hb+1
e´t (U,Z/2)
res→· · · ,
where U ⊂ X is open and U ′ =U×ZZ[4], this follows from the vanishing Hbe´t(U ′,Z/2)= 0 for b>v.

The next corollary follows easily from Lemma 17 and we omit the proof.
Corollary 18. Pairing with the mod 4 permanent cycle of Proposition 6
	 : Ep,qr (X,Z/2)→ Ep+1,q−2r (X,Z/2) (32)
is surjective for p>d + v.
In the following, let S be a ﬁnite set of primes in a number ﬁeld which contains the dyadic primes.
For example, the 2-integers Z[1/2] is a ring of S-integers in Q. The next theorem is stated for arithmetic
schemes; however, our method of proof is generic and applies to other examples.
Theorem 6. Suppose X is a regular scheme of ﬁnite type over the ring of S-integers in a number ﬁeld.
Then the homotopy groups of LKK/2(X) are ﬁnite.
Proof. By a standard reduction argument it sufﬁces to consider mod 2 coefﬁcients. The vanishing in (11),
Proposition 6, and Corollary 18 show
E
p,q
2d+v+4(X,Z/2)= 0 for p>d + v + 3.
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The isomorphism in (11) implies that for q sufﬁciently small, the same holds in the étale spectral sequence.
Pairingwith the permanent cycle v41 of Proposition 3 removes the assumption on q. In otherwords, themod
2 étale spectral sequence degenerates and the homotopy groups of K e´t/2(X) are given up to extensions
by a ﬁnite number of E∞-terms. Since X is of ﬁnite type, each of these terms are ﬁnite by Théorème de
ﬁnitude [7] and class ﬁeld theory [28, Chapter I]. Theorem 5 implies easily the result. 
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